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A survey of published experimental work on the modulus of natural rubber cross-linked by dicumyl peroxide 
permits a comparison with the results and molecular interpretations obtained in recent NBS work [J. Res. NBS 
76A, No. 1, 51 (1972), 77A, No. 1, 171 (1973) and 80A, No. 3, 451 (1976)]. Excellent agreement was found 
among values of the shear modulus G at the same cross-linking when the cross-linking is calculated from the 
amount of decomposed dicumyl peroxide. The types of deformation included torsion as well as uniaxial extension 
and compression. G increases linearly with cross-linking (except at the lowest degrees) with a slope from 5 to 15 
percent greater than that predicted by the simple statistical theory. Data of Mullins demonstrated that at each 
degree of cross-linking the value of G is intermediate between 2C\ and 2(C X + C 2 ) where C\ and C 2 are the 
Mooney-Rivlin constants. Measurements of equilibrium swelling at a given degree of cross-linking are in 
reasonable agreement with each other. However the entropy components of the modulus and the sub-chain density 
calculated from swelling measurements are appreciably greater than those calculated from cross-linking or from 
direct mechanical measurements. They increase linearly with cross-linking. It is concluded that the number of 
sub-chains effective in limiting swelling is greater than that effective in direct mechanical measurements. 

Key words: Cross-linking of rubber; dicumyl peroxide; elasticity theory of rubber; modulus of nibber; Mooney- 
Rivlin constants; rubber elasticity theory; rubber, natural; swelling of rubber network. 



1. Introduction 

In recent years extensive investigations have been made of 
the mechanical properties of natural rubber cross-linked by 
dicumyl peroxide. Because the basic mechanism appears to 
be relatively simple and free from side reactions, this system 
is particularly suitable for fundamental studies. The amount 
of cross-linking can readily be calculated from the quantity 
of peroxide decomposed and not otherwise wasted by reaction 
with impurities. The calculation assumes that each molecule 
of unwasted decomposed dicumyl peroxide gives rise to one 
cross-link. This assumption has found extensive experimen- 
tal verification in recent years [1-9]. l Dicumyl peroxide is 
thus a quantitative cross-linking agent for natural rubber. It 
seems quite surprising that with only a few exceptions 
previous investigators have not calculated the amount of 
decomposed dicumyl peroxide from the time and temperature 
of cure and used it to calculate the cross-linking. In the 
present study this calculation has been made utilizing the 
times and temperatures of cure reported in the original 
publications. 

In previous studies at the NBS, experimental observations, 
Part I [10], were compared with theory, Part II [11], and 
given a more detailed molecular interpretation, Part III [12]. 



The present paper presents a survey of other published 
experimental work in this field and makes a detailed compar- 
ison with the NBS studies. The experimental observations of 
directly observed quantities show only small discrepancies 
which can probably be explained simply in terms of differ- 
ences in purity or molecular weight of the rubber. A much 
wider variation exists with respect to calculated molecular 
quantities, particularly the calculated number of effective 
sub-chains. 

2. Modulus and Cross-Linking 

The shear modulus G as determined by an indentation 
technique in our previous work [10] is represented by the 
equation 



G = S(fp + B)T + H(Jp + B) + A 
= 592.5 X \Q-' A (jp - 0.45)7 
+ 6.8405o - 0.45) + 270. 



(2.1) 



1 Figures in brackets indicate literature references at the end of this paper. 



S, B, //, and A are constants having the values shown, while 
G is the shear modulus (in kPa) at a temperature T (in 
kelvins) for natural rubber crosslinked by adding/? parts of 
dicumyl peroxide per hundred of rubber and heating until a 
fraction/ of the peroxide is decomposed. 
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The fraction/ of the dicumyl peroxide molecules decom- 
posed during cure can be calculated from the relation [10]. 



3000 



log 10 (l ~f) = -0.3010(01/2) 



(2.2) 



where t is the time of cure and 1 1/2 is the half-life, the time 
required for half of the molecules to decompose. This in turn 
is related to T, the temperature of cure, by the equation 



logioti/2 = 7800r _1 - 17.040 



(2.3) 



based on the dicumyl peroxide studies of Hummel, Scheele, 
and Hilmer [1]. 

A graph representing eq (2. 1) at 25 °C is given as figure 5 
of our original work, Part I [10]. The straight line shown, 
corresponding to G = 183. 5 fp + 187, gives good agreement 
with our experimental points obtained with values of^p as 
high as 23.8 phr (parts per hundred of rubber), corresponding 
to a modulus G of about 4400 kPa. 

A similar graph representing the equation at 30 C was 
also given as figure 8 in Part I [10]. Here G = 186. 4 fp + 
186 and the scales were magnified about five-fold. 

When the tensile stress at some arbitrary elongation is 
reported, the modulus can be calculated by multiplying by a 
factor calculated from the empirical equation of Martin, 
Roth, and Stiehler [13-15]. For example the equation yields 
F 50 /M = 0.3050 where F 50 is the stress at 50 percent 
elongation and M is Young's Modulus. Thus the shear 
modulus G = (Vs)M = F 50 /0.915 = 1.093 F 50 . Likewise 
F \oolM = 0.4421, where F l00 is the stress at 100 percent 
elongation, and G = F 100 /1.3263 = 0.7549 F 100 . 

Figure 8 of Part I shows that modulus values at 30 °C 
obtained as just described from the observations of Chasset 
and Thirion [16] on stretched specimens or those of Plazek 
[17] with a torsion pendulum agree very well with the line 
obtained from eq (2.1). A more complete discussion has 
already been given [10]. Figure 1 of the present paper is a 
plot of the data of Tamura and Murakami [18] in extension 
for another comparison with the straight line representing eq. 

(2.1) at 30 °C. Here again there is good agreement with the 
results obtained by the indentation measurements. As previ- 
ously noted in Part III [12] the observed values of G at low 
degrees of cross-linking fall below the line. Values shown for 

fp (lower abscissa scale) are based on the application of eqs 

(2.2) and (2.3) to the curing conditions specified by the 
authors. 

An alternate scale of abscissas (upper scale) has been 
added to this figure to show X/(A x V r ) the number of moles of 
added cross-links per unit volume. This is based on eq. 
(2.2.2) of Part III [12]. 
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FIGURE 1. Modulus at 30 °C as a function of decomposed dicumyl peroxide 
or added cross-linking. 
Data of Tamura and Murakami [18]. 
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(2.4) 



400 



300 



200 
100 



.31 1 2 3 4 5 

fp phr 

FIGURE 2. Modulus at 25 °C as a function of decomposed dicumyl peroxide 
or added cross-linking. 
Q Torsion Gent and Kuan [22] 

■ Extension Wood and Bullman [19] 

A Extension Melley and Stuckey [20] 

O Compression Melley and Stuckey [20] 

• Compression Redding and Smith [21] 



Additional data from four other more recent publications 
are shown in figure 2 together with the line representing eq 
(2.1) at 25 °C. In each case the values taken for the lower 
abscissa scale are derived as before by applying eqs (2.2) 
and (2.3) to the compounding and curing conditions reported 
by the respective authors. 

Several different types of measurement are represented 
here. Extension measurements on unswollen rubber were 
made by Wood and Bullman [19] and by Melley and Stuckey 
[20]. Compression measurements on swollen rubber were 
made by Melley and Stuckey and by Redding and Smith 
[21]. Torsion measurements on unswollen rubber were re- 
ported by Gent and Kuan [22], In all cases the results are 
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expressed in terms of the shear modulus G of the unswollen 
rubber. 

The intercepts corresponding to the data of Melley and 
Stuckey and of Redding and Smith are somewhat smaller 
than that given by the line representing eq (2.1). This 
probably reflects differences in purity or molecular weight of 
the rubber. The change of modulus with cross-linking how- 
ever is in very good agreement with the other data. 

Figures 1 and 2 thus confirm with additional data the 
figures given in Part I [10] and the results represented by eq 
(2. 1). One would expect deviations only if there are apprecia- 
ble deviations from the normal experimental conditions, such 
as differences in molecular weight or purity of the rubber. 

We consider it highly desirable to follow this practice of 
first dealing as nearly as possible with directly observed 
quantities. Thus we prefer to plot as ordinate the time- 
dependent modulus rather than any other related mechanical 
property and to relate it to the amount of decomposed 
dicumyl peroxide as abscissa. Other quantities often used 
implicity assume the validity of the statistical theory of 
rubber elasticity or a particular form of stress-strain relation. 

It is sometimes desirable to break down the modulus G 
into two parts— a component G * independent of temperature 
and a component G — G* varying with temperature [1 1]. For 
systems in which the internal energy does not vary signifi- 
cantly with temperature these components may be identified 
as an energy component and an entropy component respec- 
tively. For systems conforming to eq (2.1) with the constants 
found in earlier work [10]. 



and 



e;* = H(f P +B) + A 



G - G* = S(fp + B)T. 



(2.5) 



(2.6) 



tally that the constants cannot be uniquely correlated with 
derivatives of the strain energy function [23-27]. In a recent 
paper [15] the present author has pointed out the limited 
applicability of the equation and in particular its lack of 
validity in the region of low elongations and compressions, 
which are important in determining the shear modulus G and 
Young's Modulus M . The only quantitative conclusion drawn 
was that 



M 
2C, <- = G<2(C ] + C,) 



(3.2) 



This conclusion is tested in figure 3, which shows a plot of 
experimental Mooney-Rivlin coefficients at 25 °C obtained 
by Mullins [28] by extension for natural rubber cross-linked 
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Figure 3. Mooney-Rivlin constants and modulus at 25 C as a function 

of decomposed dicumyl peroxide or added cross-linking. 
Data of Mullins {28]. 



At T= 298. 15£ 



G - G* = I76.7(fp - 0.45) 
= 176.7 fp - 79.5. 



(2.7) 



3. Mooney-Rivlin Coefficients C, and C 2 

Many previous investigators have expressed experimental 
results in terms of the Mooney-Rivlin equation 



F/2(L - lr 2 ) = C, + C 2 L~ 



(3.1) 



where F is the stress (based on undeformed cross-sectional 
area) and L is the extension ratio, the ratio of stressed length 
to unstressed length. The Mooney-Rivlin equation with 
constant coefficients C\ and G<i is sometimes found to 
describe rubber behavior in uniaxial extension over certain 
limited regions [14, 15] but it is generally found experimen- 



by dicumyl peroxide. The values of 2(C\ + C2) are read from 
figures 2, 3, and 4 of Mullins's paper, while the values of 
2Ci are read from the same figures and given in his Table II. 
Mullins made no report of values of the modulus G itself. 

A comparison with the solid line representing eq (2.1) 
obtained in the NBS studies shows that G obtained there is 
indeed intermediate between 2C\ and 2(C] + C 2 )as obtained 
by Mullins at each degree of cross-linking represented by the 
different specimens. The range of values (or fp = 1.365 phr 
corresponds to a systematic variation in the molecular weight 
of the rubber before cross-linking from M n = 105,000 to 
323,000. Thus it is not possible to equate the modulus G to 
either 2C\ or 2{C\ + C2), as has sometimes been suggested. 
Since the slopes of all three lines in figure 3 are nearly the 
same it appears that G differs from each of these quantities 
by a constant amount (roughly equal to about ± C2) over the 
range of cross-linking studied. 
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4. Swelling and Cross-Linking 

An extensive literature survey in Part III [12] has consid- 
ered 28 published papers reporting values of equilibrium 
swelling volume as a function of cross-linking for the dicumyl 
peroxide system. 

In accordance with the practice of plotting a directly- 
observed quantity plots were made of equilibrium swelling 
volume as ordinate against cross-linking as abscissa. Differ- 
ent graphs were obtained with different swelling liquids. The 
slope decreased with increase of cross-linking. Flory and 
Rehner utilized statistical considerations to derive the follow- 
ing relation for the calculation of [G — G*] sw , the enthropy 
component of the modulus as determined from the equilib- 
rium swelling. 



linking. Likewise there has been reasonably good agreement 
among investigators who have made swelling measurements. 
However the resulting entropy component of the modulus, 
calculated by the Flory-Rehner equation, is considerably 
larger than the corresponding component measured directly. 
The difference in modulus components just mentioned 
leads immediately to a difference in calculated values of v e , 
the number of moles of effective sub-chains per unit volume. 
This is demonstrated in figure 4 where the modulus ordinates 
shown in figure 2 of Part III have merely been divided by the 
constant factor RT to give corresponding numbers of effective 
sub-chains. 



[G-G*] SW = RT[- ln(] -»,)-», 



i-i 



/2]- ] (4.1) 



Here v 2 is the measured equilibrium volume fraction of 
rubber in the swollen material, V \ is the molar volume of the 
swelling liquid and jjl is the Flory-Huggins interaction 
parameter characteristic of the rubber and the liquid. Its 
value is normally near 0.4. We denote the right hand 
member of the equation as RTifjty 2 ) for brevity. 

Values of RTifj(v2) calculated from v 2 data reported by five 
different observers showed reasonable agreement with each 
other. When plotted against the cross-linking in figure 2 of 
Part III [12] they all lay close to a single straight line, 
independent of the swelling liquid. The equation of the line 
with 7 = 298. 15 K was 

[G - G*] sw = RT\Jj(v 2 ) = 205 fp + 34.7 (4.2) 

where the units of G are kPa. The previous paper [12] 
concluded that any differences among the remaining 23 
reports of experimental results were small and could probably 
be explained in terms of minor differences in the specimens. 
By a comparison of eq (4.2) with eq (2.7) it can be seen 
that the entropy component of the modulus obtained by the 
Flory-Rehner equation from equilibrium swelling measure- 
ments is considerably larger than that obtained from direct 
mechanical measurements at all degrees of cross-linking. It 
also increases about 16 percent more rapidly with increase of 
cross-linking. This is evident in figure 2 of our paper [12] 
where reference is made to earlier workers who also reported 
similar results. 

5. Number of Effective Sub-Chains 

As demonstrated in the preceding sections, there has been 
no serious disagreement among previous investigators regard- 
ing values of the modulus on its entropy component as 
measured by direct experiments at a given degree of cross- 
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FIGURE 4. Effective sub-chain density (moles of effective sub-chains per 
unit volume) as a function of decomposed dicumyl peroxide or added 
cross-linking. 
Lines from data summarized by Wood [12] 
2X/A l V r - 2/Mv r = 66.80 fp - 30.1 
(G - G*)/RT = 7 1. 26 fp - 32. 1 
\\f(v 2 ) = 82.70 fp + 14.0 
G/RT = 74.02 fp + 75.4 

Florv-Rehner equation 

4j(v 2 ) = [- ln(l - v 2 ) - v 2 - M^IVW - "2/2]" 1 

Experimental points from data of Mullins [281. 

The lowest line in figure 4 represents the number of added 
effective sub-chains when calculated from the number of 
added cross-links, making allowance for chain ends but not 
for entanglements. This line is simply based on the assump- 
tion that each added cross-link gives rise to exactly two 
effective sub-chains. 

The next line, with slightly greater slope, represents 
values calculated from the direct modulus observations of 
many observers described in section 2, after making allow- 
ance for G *, the energy component. The equation used is the 
fundamental equation of the statistical theory of rubber 
elasticity. 



(G - G*)/RT 



(5.1) 



The difference in slopes between the two lines is ascribed to 
the effect of entanglements [12]. 
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The next higher line represents values of v e obtained from the effective molecular weight of the sub-chains. These 
the investigations of equilibrium swelling volume discussed values were based on measurements of both equilibrium 
in section 4. The relation used is swelling and the Mooney-Rivlin constant Ci with several 

corrections and modifications previously developed [29-31]. 
V e = i//(/' 2 ) (5-2) We have utilized the relation 



V v = V r 



1/, 



c phys 



(5.3) 



and is based on the Flory-Rehner relation eq (4. 1 ). 

The highest line is that calculated from modulus observa- 
tions without regard to the energy component G *, thus taking to give the values of p e plotted in figure 4. 
V e — G/RT. It can be seen that the number of effective sub-chains 

The four lines shown are derived from a consensus of calculated by the complicated procedures of Mullins, Moore 

experimental results obtained in the previous NBS work [10- and Watson [28-31] is appreciably greater than that obtained 

12] and in the literature. Reference should be made to the by the other calculations at a given cross-linking. However 

earlier papers for experimental points. As in the previous this number increases with increase of cross-linking at about 

sections of this paper, all abscissa values are based on the same rate, 
reported temperatures and times of cure. 



The differences in the calculated values of v e shown in 
figure 4 can now be explained as arising from different 
causes. We first consider that the lowest line (based on 
cross-linking considerations) gives the value usually regarded 
as the most unambiguous calculation of the number of 
effective sub-chains. If one adds to this a number of pseudo 
sub-chains arising from entanglements he obtains the next 
line representing the number effective in direct measure- 
ments of modulus. The difference in any event is not large. 
The term effective has been thus broadened to include the 
effect of entanglements in this case. 

Accepting the validity of the Flory-Rehner relation used in 
calculating the number of sub-chains effective in limiting 
swelling, we conclude from figure 4 that the number of sub- 
chains limiting swelling is indeed larger than twice the 
number of added cross-links as calculated from the amount 
of decomposed dicumyl peroxide or its approximately equiv- 
alent number effective in mechanical measurements. 

The highest line, with ordinate G/RT, is drawn only for the 
purpose of comparison with the other lines. It is not useful 
for any other purpose, since it is not expected that this 
uncorrected quantity should bear any direct relationship to a 
number of cross-links or sub-chains. G includes an energy 
component not correctable with a number of sub-chains. (G 
— G * ), the entropy component is the correlatable quantity. 
G/RT is merely the number of sub-chains that would be 
calculated if the energy component of the modulus is 
assumed to be zero. Previous papers in the literature have 
often erroneously presented this ratio as v (> . 

The individual experimental points plotted in figure 4 are 
based on data reported by Mullins [28] in a widely-quoted 
systematic study of the dicumyl peroxide system. The Moo- 
ney-Rivlin coefficients C\ and C 2 for the same specimens 
have already been presented in figure 3. 

Mullins did not report values of cross-linking and so the 



6. Conclusions 

Previous work [10-12] at the National Bureau of Standards 
led to the development of eq (2. 1 ). 

G = S(fp + B)T + H(fp + B) + 4 

This predicts linearity of modulus with temperature at 
constant cross-linking. A careful search of the literature on 
the dicumyl peroxide system did not reveal any satisfactory 
modulus-temperature data at constant cross-linking for com- 
parison with that in the original NBS work [10]. Consequently 
comparisons of modulus had to be limited to values at 25 or 
30 °C. 

The equation also predicts linearity of modulus with cross- 
linking at constant temperature. Numerous studies at room 
temperature in other laboratories confirmed this linearity 
(except at low degrees of cross-linking) and gave satisfactory 
agreement with the constants previously given. The slope of 
the line, ($T + H) given in the NBS work was about 10.5 
percent greater than that calculated from molecular consid- 
erations, disregarding entanglements [11]. The values found 
in the literature were in fairly good agreement with slopes 
ranging from 5 to 31 percent greater. The intercept of the 
plot of modulus against cross-linking was found to range from 
15 to 200 kPa (with most data near the higher value) in good 
agreement with the value 187 kPa found in the NBS work. 
This would be expected to vary with differences in initial 
molecular weight and purity of the rubber used. In the 
original work [11] it was concluded that the molecular weight 
(assuming monodispersity) was about 200,000, and that the 
impurities rendered unavailable for cross-linking about 0.31 
phr of the added dicumyl peroxide [5]. 

Values of the Mooney-Rivlin coefficients C\ and G<l 
obtained in a study by Mullins [28] showed that the modulus 
G obtained from eq (2.1) is indeed intermediate between 2C 1 



abscissa values, like those in figure 3, are obtained from the and 2(C X + C 2 ) at a given degree of cross-linking. All three 
reported conditions of cure. The ordinates in figure 4 are quantities increased with increase of cross-linking at approx- 
obtained from Mullins' list [28, Table II] of values of M c phys , imately the same rate. 
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The number of moles of sub-chains effective in mechanical 
measurements is found to be essentially twice the number of 
cross-links calculated from the amount of decomposed dicu- 
myl peroxide (especially when the necessary small correc- 
tions are made for chain ends, wasted peroxide and entangle- 
ments). For a given amount of cross-linking, the number of 
moles of sub-chains effective in limiting swelling is appreci- 
ably greater than that effective in mechanical measurements. 
The increase in this number with increase of cross-linking is 
about 16 percent greater than the corresponding increase for 
mechanical measurements. 
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